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where 2Fp = the sum of the moments of the external forces about the point Q 
(in the positive direction of rotation) at the instant in question, and dw/dt = the 
angular acceleration of the body at that instant (@ being measured in radians, in 
the positive direction of rotation, and w = d6/dt); while k = the radius of gyra- 
tion of the body about the point Q (that is, about an axis through Q perpendicular 
to the plane of the motion). 

Here by a “suitably chosen” point Q we mean any point Q of the body such 
that (1) @ is fixed in the plane; or (2) Q is moving-with uniform velocity in a 
straight line; or (3) Q is the center of mass; or (4) Q has an acceleration whose 
direction, at the instant in question, passes through the center of mass; and the 
equation above will be valid when and only when Q has some one of these four 
properties. 

Proof of Case 1. Entirely elementary proofs for the case of rotation about a 
fixed axis are readily accessible and need not be repeated here. We shall mention 
only that this case can be conveniently recalled to mind when stated in the 
following form: If a rigid body is free to rotate about a fixed axis, under the 
action of any turning moment, the angular acceleration at any instant is the same 
as if all the material of the body were concentrated in a single particle at a distance 
k from the axis, where k is the radius of gyration of the body about the axis. 

Proof of Case 2. First, regard the given body as a system of free particles 
acted on by definite external and internal forces, under given initial conditions 
(the internal forces being just sufficient to keep the system rigid); and let V,, V, 
be the initial values of the velocity components of the given point Q, referred to 
fixed axes in the plane. 

Now imagine the initial conditions so changed that the initial velocity com- 
ponents of each and every particle are diminished by the amounts V, and V,, 
all the forces remaining the same as before. In the new situation thus imagined, 
it is easy to see: (1) that the system will still move as a rigid body, and (2) that 
its angular velocity and angular acceleration will remain unchanged; but the 
point Q will be reduced to rest. 

Under these new conditions, therefore, we may apply the theorem of case 1, 
thus obtaining the equation [Fp = (W/g)k’dw/dt, where all the letters have their 
original meanings. The truth of the equation is thus proved for case 2. 

Proof of Case 4, which includes case 3. Regard the given body again as a 
system of free particles, as in case 2, and let a, and a, be the acceleration com- 
ponents of the given point Q, referred to fixed axes in the plane. 

Now imagine impressed upon each and every particle w an additional force 
with components — (w/g)a; and — (w/g)a,; this will clearly have the effect of 
diminishing the acceleration components of each particle by the amounts a, and 
ay. In the new situation thus imagined, it is easy to see: (1) that the system 
will. still move as a rigid body, and (2) that its angular velocity and angular 
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acceleration will remain unchanged; but the point Q will be reduced to a state of 
uniform motion in a straight line. 

Under these new conditions, therefore, we may apply the theorem of case 2, 
and thus obtain the equation 


ZF p + = (W/g)k*dw/dt, 


where 2Fp and w have their original meanings, and 2f’p’ = the sum of the 
moments about Q of the additional impressed forces. 

Now it will be noticed that these additional forces form, at each instant, a 
set of parallel forces each of which is proportional to the mass of the particle on 
which it acts. Hence, by the definition of the center of mass, in finding the sum 
of the moments of these parallel forces, we may replace the entire set of forces 
by a single force F’ acting at the center of mass. Furthermore, the direction of 
these parallel forces, and hence the direction of F’, is opposite to the direction 
of the vector acceleration of the point Q; but, by the hypothesis of case 4, this 
direction lies along a line drawn through Q and the center of mass. Hence the 
moment of F’ about Q will be zero; that is, 2f’p’ = 0, and the theorem is estab- 
lished. 

It should be carefully noted that in the statement of theorem I the instan- 
taneous center—that is, the point of no velocity—is not included in the list of 
“suitable” points Q; in other words, it is not legitimate to ‘take moments about 
the instantaneous center,” unless this point happens to have also one of the 
other properties explicitly mentioned in the theorem. 


To illustrate the danger of “taking moments about the instantaneous center,” 
consider the following simple problem. 

Suppose a carriage is moving with uniform velocity along a level road, and 
consider the motion of a wheel, of radius a, in which the center of mass does not 
coincide with the center of the wheel. The center of mass will then move in a 
trochoidal path, and the components of its acceleration will be z = bw’ sin 6, 
y = be* cos 6, where b is the distance from the hub to the center of mass, and 
w the constant angular velocity of the wheel. 

The forces acting on the wheel are (1) the weight W, acting downward at the 
center of mass; (2) the pressure of the bearings, which we may suppose resolved 
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into a forward component P, and a downward component LI; and (3) the re- 
action of the road, which we may suppose resolved into a forward component F, 
i] and an upward component NV. The equations of motion for the center of .mass 
are therefore 

P+ F = (W/g)bo? sin 8, (1) 


N — W — L= (W/g)b« cos 8. (2) 


Since the angular velocity is constant, dw/dt = 0, and the equation of rotation 
may be written as follows: 
(a) about the center of mass: 


Pb cos 0+ (L — N)bsin 6 — F(a — bcos 8) = 0; (3a) 
(b) about the hub, which is moving with uniform velocity in a straight line: 
Fa+ Wb sin 6 = 0; (3b) 
(c) about the lowest point of the wheel, which is the instantaneous center: 
Pa — Wbsin 6 = 0. (3e) 


Of the last three equations, (3a) and (3b) are true, in accordance with theorem 
I, and from either of them, combined with (1) and (2), we find 


Pa — Whsin@ = ab w sin 6. (4) 


But this shows that equation (3c) is false. Hence in this case, wholly erroneous 
. results would be obtained by taking moments about the instantaneous center. 

If the center of mass had coincided with the hub, it would then indeed have 
been legitimate to take moments about the lowest point of the wheel, not, how- 
4 ever, because this point is the instantaneous center, but because it is in this case 
a point whose vector acceleration at the instant in question passes through the 
center of mass (case 4). The use of case 4 and case 2 will often lead to simpler 
equations that could be obtained if we confined ourselves to the use of the more 
familiar cases 1 and 3. 

Corollary I. In discussing the motion of a rigid body in a plane, any given set 
of external forces may be replaced by (1) a single force, acting at the center of 
mass, and (2) a couple, acting anywhere in the body. The components of the 
d single force will be (W/g)a, and (W/g)a,, where a, and a, are the components of 
the acceleration of the center of mass. The moment of the couple will be 
(W/q)k?dw/dt, where dw/dt is the angular acceleration of the body, and k its 
radius of gyration about the center of mass. 

The single force, acting at the center of mass, will have no effect on the angular 
velocity of the body; while the couple will have no effect on the motion of the 
center of mass. 

It is clear, however, from theorem I, that a single force whose line of action 
does not pass through the center of mass will produce not only a change in the 
motion of the center of mass, but also a change in the angular velocity of the body. 
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Corollary II. In discussing the motion of a rigid body in a plane, the point of 
application of any force may be shifted at pleasure along the line of action of that 
force. 

For the moment of the force about any point, and the components of the 
force along any axes will be unchanged. 

This corollary, known as the principle of transmissibility of forces, is usually 
assumed as a fundamental principle of statics. But this assumption is not 
required for the proof of the theorems here stated. 

Theorem II. Theorem of moments about a point fixed in the plane. If a rigid 
body W is free to move in a plane, under the action of any external forces, and if 
O is any point fixed in the plane, then, at any instant, 


=Fp = 


where {Fp = the sum of the moments of the external forces about the point 0 
(in the positive direction of rotation) at the instant in question, and 

hv = the moment about O of the velocity » of the center of mass at that 
instant; while 

k = the radius of gyration of the body about its center of mass. 

Proof. Let C be the point of the plane through which the center of mass is 
passing at the instant in question, and let a, and a,» be the acceleration compo- 
nents of the center of mass along and perpendicular to the fixed axis OC at that 
instant. 

By corollary I, the external forces acting on the body may be replaced by (1) 
a single force, acting at the center of mass, with components (W/g)a, and (W/g)a» 
along and perpendicular to OC; and (2) a couple, acting anywhere in the body, 
with a moment (about any point) equal to (W/g)k’dw/dt. Hence the sum of the 
moments of the external forces about 0 reduces to 


=F p = (W/g)ray + (W/g)k*deo/dt, 
where r= OC. But from the elementary kinematics of a particle in polar co- 
1 d(rv¢) 


‘ 
ordinates, ay = where = the velocity component of the center 


of mass in the direction perpendicular to OC. Also, rvg = hv, where h is the 
perpendicular from 0 to the vector ». Hence 


=F p = (W/g)d(hv)/dt + (W/g)k?dw/dt, 


which establishes the theorem. 

This theorem II is by no means so simple or so important as theorem I. It 
is useful chiefly in problems in impact, especially in the derived form obtained 
by multiplying through by dé and integrating from t= t to t= 4. In this 
derived form the equation is known as the equation of impulse and momentum. 
But neither of these concepts is required for the proof as here given. 
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THE NAPIER TERCENTENARY CELEBRATION. 
By FLORIAN CAJORI. 


The Napier Tercentenary Celebration which was held in Edinburgh, July 24- 
27, was a marked success, notwithstanding the rather limited attendance of 
British mathematicians, some of whom had left for the meeting of the British 
Association for the Advancement of Science in Australia. There were present 
in Edinburgh a considerable number of Germans, French, Russians, Americans, 
and a few from other countries. Altogether there were over forty foreigners. 
It may be worthy of note that when, on July 28, war alarms began to come in, 
all delegates from the European continent took a hasty departure for their 
respective countries. 

The opening exercises on Friday, July 24, were of a general nature, Lord 
Moulton delivering the principal address. On Saturday morning the papers. 
relating to the history of logarithms were read; on Monday came research papers. 
on logarithms or allied topics. Saturday afternoon the members were invited to. 
a garden party at Merchiston Castle, for some years the abode of John Napier. 
It was interesting to see the representative mathematicians going there, making, 
so to speak, a pilgrimage to a shrine. Lord Moulton’s address was delivered in 
the hall of the Edinburgh Students’ Union. 

The address of Lord Moulton, one of the Lords of Appeal, was interesting, 
first of all, because it was a mathematical address written by a great judge. 
This was not strange at all to those who remembered that in his undergraduate 
days at Cambridge Lord Moulton distinguished himself in mathematics and later 
served for a few years as fellow and lecturer. It was he who brought out the 
second edition of Boole’s Calculus of Finite Differences. Lord Moulton’s address 
was a remarkable one. One of his statements near the beginning—that the 
invention of logarithms came on the world as a bolt from the blue—might indeed 
be questioned by the historian, but the main part of his address, which endeavored 
to show the evolution of logarithms in Napier’s mind, to reconstitute the process 
of discovery by deciphering the half-effaced records of its growth, is worthy of 
most careful study. 

The meeting on Saturday morning opened with Professor Hobson of Cam- 
bridge in the chair. Dr. J. W. L. Glaisher of Cambridge gave an address on the 
work of Napier, stating that it was the more marvellous because Napier had no 
notations, such as we have now, to guide him. Dr. Glaisher said that he himself 
always assumed that the geometrical form in which the invention was given to 
the world was the original form, but Lord Moulton’s suggestion, that the original 
form was arithmetical, was well worth a careful examination. 

The second paper was a note sent in by Dr. G. Vacca of Rome, Italy, pointing 
out that Paciolo’s solution, in 1494, of the problem, to find in how many years 
a sum would double itself at a given rate of compound interest, involved the 
calculation of the logarithm of 2—the first logarithm computed before Napier. 
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Professor G. A. Gibson of Glasgow discussed the transition from Napier’s original 
logarithms to those of base 10. He pointed out that the theorem that the sum 
of the logarithms of two numbers was the logarithm of their product, was not 


‘ accurately true for Napier’s original logarithms; nor would it have been true 


for Briggs’s suggested improvement; it was Napier himself who first suggested 
making the logarithm of unity zero. 

Professor David Eugene Smith of Columbia University gave a paper on the 
law of exponents in works of the sixteenth century and their influence on Biirgi, 
whose Progress-Tabulen (1620) contained an anti-logarithmic table. The im- 
portance of the arithmetical relationships conceived by the Germans approached 
so closely to the idea of the logarithm that it was cause for wonder that Napier and 
Briggs were not anticipated. Lieutenant Salik Mourad of the Turkish Navy 
said that logarithms were brought into Turkey in 1714. Professor Florian 
Cajori of Colorado College read a paper on algebra in Napier’s day and alleged 
prior inventions of logarithms. A novel point in this paper was to the effect 
that Benjamin Martin, an English writer of the eighteenth century, claimed that 
Edward Wright deserved priority over Napier, having published a table of 
logarithms in 1599, sixteen years before Napier. Wright published in 1599 a 
“table of latitudes” which could indeed be interpreted as a system of logarithms, 
but Wright used it simply in correcting certain errors in navigation; the logarithmic 
concept was at that time foreign to him, and Martin’s claim cannot be allowed. 
Cajori gave a careful analysis of the claims of priority which have been made by 
‘different historians for Napier and for Biirgi, and came to the conclusion that 
‘most of the statements made in histories and cyclopedias are open to serious 
objection. 

A paper by Dr. Sommerville of St. Andrews, on Napier’s rules and trigono- 
metrically equivalent polygons, contained some interesting extensions to non- 
Euclidean space. 

On Monday morning Professor David Eugene Smith occupied the chair and 
introduced Professor Bauschinger of Strassburg who spoke in German and dis- 
cussed certain formulas relating to the development of a function of two variables 
in terms of spherical harmonics. He was followed by Professor H. Andoyer of 
the University of Paris who spoke in French and explained the construction of his 
trigonometric and logarithmic tables, published in 1911. These tables contain 
logarithms to 17 figures for every hundredth of the quadrant. Thereupon, 
Professor d’Ocagne of the Polytechnic School in Paris gave, in French, two short 
historical notes; one that the principle of the millionaire calculating machine was 
invented in 1893 by a young French mechanician, Léon Bollée; the other note 
had reference to the development of nomography. As there were about twenty 
papers, altogether, to be presented on Monday morning and the early afternoon, 
the time of presenting them had necessarily to be greatly curtailed. Among the 
other speakers of the day were Mrs. Gifford, Dr. J. R. Milne, Mr. Hudson, Mr. 
H.S. Gay, Mr. J.C. Fergusson, Mr. Schooling, Dr. A. Hutchinson, and Dr. W. F. 
Sheppard. 
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The principal papers read at the celebration will be published in a volume and 
will doubtless prove of great interest to mathematicians. It will contain many 
matters of historic importance. In connection with the congress there was held 
a very remarkable exhibition of calculating machines, models, old and recent 
books on logarithms, and relics of Napier. This display was held beneath the 
same roof as the recently instituted mathematical laboratory of the University 
of Edinburgh. Among the Napier relics were sets of “ Napier’s Bones” and early 
editions of his books. That there was no tendency to minimize the work of Biirgi 
as an inventor of logarithms was evident from the fact that Biirgi’s Progress- 
Tabulen of 1620 and Gieswald’s pamphlet of 1656 in which occurs the first publica- 
tion of Biirgi’s explanation of his tables were among the exhibits. These two 
publications were loaned by the city of Dantzig. Very few, if any, of the mathe- 
maticians present had ever before seen them. Dr. Glaisher who has been inter- 
ested in logarithmic tables for over a quarter of a century had never before enjoyed 
the opportunity of examining them. It is proposed, in the forthcoming publica- 
tion of the proceedings of the celebration, to insert photographs of the title-page 
and of an inside page of Biirgi’s book of 1620. 

The exhibit included a superb collection of portable sun-dials which were used 
before the days of watches, of theodolites, of dialling instruments and of sectors. 
The exhibition of calculating machines was probably the largest ever seen. It 
included the highly complicated machines of today, some of which are worked by 
hand, some by electricity. There was an exhibit of planimeters and integraphs 
by G. Coradi of Ziirich, by A. Ott of Kempten in Bavaria, by the University of 
Glasgow, and by the University of Edinburgh. There was also a large display of 
old and new slide rules, periodogram analysis apparatus, chronographs, equation- 
solvers, synthetizers, coérdinographs, logarithmic and semi-logarithmic paper, 
radian polar paper, and collinear-point nemograms. A conspicuous machine was 
Edward Roberts’s tide-predicting machine, which was awarded the Grand Prix 
at the Franco-British Exhibition of 1908. A photograph of Lord Kelvin’s tide 
predicting machine was also shown. 

Of special interest to geometers and crystallographers was the display of 
mathematical models. Dr. Sommerville’s semi-regular polyhedra and his pro- 
jection model of the 600-cell in space of four dimensions evoked attention. All 
sorts of linkages, and anaglyphs producing stereoscopic effects by viewing bi- 
colored diagrams through absorption screens, were seen in another part of the 
room. 

The Royal Society of Edinburgh published a large and admirable handbook 
of the exhibition, of 343 pages, edited by E. M. Horsburgh, lecturer on technical 
mathematics in the Edinburgh University. This book will be a valuable addition 
to any mathematical library. 
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THE PARIS REPORT ON CALCULUS IN SECONDARY SCHOOLS. 


L’ Enseignement for July-September contains the complete reports (referred 
to in the September Montuty) made at the Paris meeting of the International 
Commission on the Teaching of Mathematics. One of the two subjects there 
discussed, viz., the results of the introduction of the elementary notions of the 
calculus into secondary instruction, seems to be of such importance to the readers 
of the Monruty as to justify printing the following translation of the official 
summary of the general report made by Professor Beke, of Budapest, covering 
the replies made to the questionnaire. (For greater brevity, the differential 
and integral calculus will be referred to simply as the calculus.) 

“1. The place of the calculus in the secondary curriculum.—In all countries 
where during the last twelve years a new plan of studies for secondary schools 
has been vigorously begun, a definite place of greater or less importance has been 
reserved for the notion of function, and as well, with very few exceptions, for the 
first elements of the calculus. 

“‘ A. The elements of the infinitesimal calculus figure in the official programs 
of the schools, or in the plan of study established by the schools themselves, 
in the following countries: Bavaria, Wurtemberg, Baden, Hamburg, Austria, 
Denmark, France, Great Britain, Italy, Roumania, Russia, Sweden and Switzer- 
land. 

“ B. They do not figure in the plan of study, but are elective in a large 
number of schools: Prussia, Saxony, Hungary, Australia; and they probably will 
be so before long in Holland, Norway, Belgium and Servia. 

“2. The range given to the calculus. 

“ (a) It is nearly everywhere applied only to functions of one variable. 

“ (b) Instruction is everywhere given in the differentiation of polynomials, of 
rational functions (or at least quotients of two linear polynomials), and in most 
countries that of exponential and trigonometric functions and their inverses. 

“(c) In most countries the notation of Lagrange is preferred to that of 
Leibnitz. 

“‘(d) In most countries the notion of integral or primitive function is intro- 
duced. Everywhere the notion of integral follows that of derivative (in Bohemia 
these are treated simultaneously). In some countries the definite integral 
precedes the indefinite, but in most the reverse order is followed. 

“3. Applications of the infinitesimal calculus. 

“ (a) Taylor’s series figures in few programs. It is nevertheless taught in 
schools where the plans of study have for a long while included infinite series; in 
such cases the series for e”, a”, sin x, cos x, log (1+ 2), (1+ 2)”, arc tan x are 
developed. Professor Beke thinks that the treatment of Taylor’s series is not 
yet sufficiently adapted to the secondary school. 

“(b) The calculus is applied everywhere to investigations of maxima and 
minima. 

“(c) It is also applied to physics, at least for the purpose of defining velocity 


1 On the status in America see remarks by Professors Smith and Van Vleck quoted on page 
326. 
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and acceleration, but sometimes it finds a more extended application (centers 
of gravity, moments of inertia, potential, etc.). In Russia only elementary mathe- 
matics is used in physics. 

“‘(d) The calculus is applied in geometry to the determination of areas and 
volumes, and it is here that the new method renders its greatest service on the 
economical side. But the old methods continue to be applied, especially Cava- 
lieri’s principle. 

“4, The question of rigor.—This is one of the most delicate points. From the 
side of the higher curriculum it is said that secondary teaching does more harm 
than good unless it adopts the rigorous method of a scientific treatment; on the 
other hand, the representatives of secondary instruction assert that the intellectual 
power of the average pupils does not permit a rigorous treatment of the calculus. 
Professors in secondary schools need to know the infinitesimal calculus in its 
modern rigorous form, but in their teaching they need to use an intuitive method, 
geometrical and mechanical considerations, and to progress gradually toward the 
necessary abstractions. This is also the surest way to arouse in the pupils the 
desire for rigor. 

“ (a) Irrational numbers are introduced almost everywhere incidentally in 
connection with the extraction of roots; the general theory is treated only in 
exceptional cases. 

“(b) The notion of limit is introduced everywhere, nowhere do we rely on 
intuition alone. The elementary theorems relative to limits are adopted almost 
everywhere without explanation. 

“(c) No allusion is made to continuous functions which nowhere admit 
derivatives. In certain schools instructors confine themselves to saying that at 
certain points the derivative may cease to exist. 

“(d) In most schools the differential is not introduced; there is a good deal 
of confusion in the treatment of the notion of differential. It is greatly to be 
desired that the metaphysical fog of the infinitely small should not enter the 
secondary teaching. 

“5. Fusion of the calculus with the subject matter of the secondary school.—The 
new subjects should not be given as supplementary matter alongside of the old 
subject matter, but a complete fusion will have to be brought about between the 
two. The enlargement of the réle of the notion of function and the introduction 
of the calculus can be successful only if the old program be reduced and made 
more economical. There will then result a relief, thanks to the fusion of the new 
material with the old, and the suppression of old out-of-date subject matter. 

“6. The reform movement and the general opinion of educators.—The very 
definite character of the results of our movement may be assured by its success 
and by the general opinion (l’opinion publique), always alert, of the representa- 
tives of education. The movement has gained everywhere the approval of the 
professors engaged in secondary education, but those engaged in higher educa- 
tion, who look at this from their own special point of view, do not always sym- 
pathize with our tendencies. 

“ We hear the complaint that a course in calculus is not followed with interest 
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by those who already have some knowledge of it. It is not difficult to refute 
this assertion. It suffices us to recall the favorable opinions which we have found 
among university professors in all countries, who look at our movement from a 
' higher point of view.” 

To this should be added here the following extracts concerning the report 
of Professor D. E. Smith, the supplementary remarks made by Professor E. B. 
Van Vleck, and the British report made by Professor C. Godfrey. 

“Professor D. E. Smith, the zealous reformer and one of the founders of 
the Commission, informs us, that the calculus does not figure in the secondary 
curriculum in the United States; it cannot even be made elective, since the pupils 
of the upper classes are very much absorbed in the preparation for college entrance 
examinations. So long as this (the calculus) is not put upon the program of these 
examinations, there is little chance that it will take a place in the subject matter 
of secondary teaching. Yet Professor Smith has the hope that before many 
years the calculus will be introduced in professional (technical) secondary schools. 
Knowing the great activity shown by our American colleagues, in the past and 
present, in regard to reform in mathematical teaching (we have only to recall the 
work of Professors D. E. Smith, Moore and Young) and seeing the immense scope 
of mathematical activity across the sea which dazzles our eyes and which is 
assuredly not without a favorable influence on the professors in secondary teach- 
ing, finally having confidence in the contact which in spite of distance exists 
between the workers of the two continents, we cannot doubt that before long the 
free development of mathematical teaching will have taken the decisive step.” 

Professor E. B. Van Vleck: “‘ It may be added that to some degree the work of 
the first year or two of the American college course corresponds, in character, 
to that of the last year of the German gymnasium and the classes spéciales of the 
Lycées. The study of calculus is very commonly begun in the second year of the 
college course, and not infrequently it is taken by students in their first year. 
Furthermore, graphical representation for simple functions (linear and quadratic 
functions) has been increasingly introduced as a topic into the algebra of the high 
schools. From both of these facts it is clear that the tendencies now under 
discussion at this conference are also manifesting themselves visibly in the 
United States.” 

Professor C. Godfrey: ‘‘ Broadly speaking the movement has received general 
support in England. Perhaps the most powerful stimulus is that of the engineers, 
as represented by Professor Perry. The physicists have long pressed for a 
modicum of calculus, and prefer to take it without too much mathematical rigor. 
The universities have progressively included more calculus in their examination 
papers for schools; these papers, together with those set by the Civil Service 
Commissioners (for admission to the army and the public service generally), are 
the most powerful lever that acts on the school curriculum. . . . Whatever op- 
position there has been to an introduction of the calculus at an early stage has 
come from those who fear that a diminished emphasis on the manipulative and 
formal side of algebra will have a bad effect. The question raised is this: What 
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algebraic equipment constitutes a firm basis for a superstructure of calculus? 
This is the only articulate objection that has found a voice. But the main ob- 
stacle is that most powerful force in educational matters—vis inertie.” 


SUR UN PARADOXE ALGEBRIQUE APPARENT 
par G. LORIA, Université de Génes, Italie 
La contradiction signalée par M. Coolidge aux pages 184-5 de THz AMERICAN 


MatuematicaL Monraty de cette anneé peut se faire disparaitre de la maniére 
suivante: Ecrivons |’equation 


comme il suit 


Appliquons a présent le théoréme de Laplace sur le développement d’un déter- 
minant et nous obtiendrons: 


{ac’ — a’c)’ + (bd’ — b’d)? + (ad’ — a’d)? + (be’ — b’c)? 
| — 2(a’b — ab’)(c'd — ed’) = 0. 
ou bien, par des transformations algébriques faciles, 

[(ac’ — a’c) — (bd’ — b’d)? + [(ad’ + be’) — (a’d + b’e)P = 0. 


Comme a, b, . . . sont toutes des quantités réelles cette équation unique se 
décompose dans les deux suivantes, 


(ac’ — a’c) = (bd’ — b’d), 
(ad’ + be’) = (a’d + b’c), 


qui sont précisément celles qu’a trouvees |’éminent professeur de |’Harvard 
University. 


Ginas, 28, VII, 1914. 


b a ad c 
= ( 
a’ —b —d 
b’ a’ d’ | 
la —b e —d | 
= 0. 
b a ad c 
|b’ a’ d’ 
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Epitep By W. H. Bussey, University of Minnesota. 


Dialogues Concerning Two New Sciences. By GawitEo GALILer. Translated 
from the Italian and Latin into English by HENry Crew and ALFoNsO DE 
SALVIO with an introduction by ANTonio Favaro. The Macmillan Com- 
pany, New York, 1914. xxi+300 pages. $2.00. 


Into these dialogues, Galileo gathered, during his last years, practically all of 
his work that is of value to the physicist or the engineer. The translation into 
English, at this time, is most desirable as the few copies of the two former trans- 
lations, by Thomas Salusbury in 1665 and Thomas Weston in 1730, are quite 
inaccessible and many passages are either ambiguous or uninteiligible to the 
modern reader. 

The translation strictly follows the text of the National Edition of the Works 
of Galileo recently completed by Antonio Favaro. The text is essentially the 
same as that of the original Elzevir edition of 1638. All comments and anno- 
tations have been omitted with the exception of a few footnotes properly labeled 
(Trans.) in order to preserve the original as nearly as possible, and the translation 
is as literal as is consistent with clearness and modernity. Where there is any 
deviation from this rule and in case of some technical terms the original Italian 
or Latin phrase is added enclosed in brackets. The original illustrations are 
reproduced. 

The presentation of the science in the form of dialogues is exceedingly striking 
and effective. The dialogues continue during four successive days. In the first 
day the three men discuss resistance which solid bodies offer to fracture, friction, 
cohesion, the finite and the infinite, laws of falling bodies, terminal velocity, the 
density of air, isochronous vibrations of the pendulum, resonance, ete. During 
the second day the same men discuss levers, beams, cohesion, resistance to frac- 
ture, and strength of hollow tubes. 

On the third day they begin the discussion of the “ second new science,” 
treating of motion. They consider the laws of uniform motion and of uniformly 
accelerated motion, and the time of descent of a body down an inclined plane 
under various conditions. 

The fourth day is taken up with the consideration of the composition of a 
horizontal uniform motion with a vertical uniformly accelerated motion, the 
velocity of a projectile at any point of its path, the maximum range and various. 
other problems concerning projectiles, the sagging of a stretched cord. The term 
momentum is used and impulsive forces are mentioned but not explained. 

It will repay anyone, who has not already done so, to read this admirable book 
of historic as well as intrinsic interest. 

ANTHONY ZELENY. 


UNIVERSITY OF MINNESOTA. 
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Plane Trigonometry and Applications. By E. J. Wiiczynskt, Professor of Mathe- 
matics in the University of Chicago. Edited by Prorressor H. E. Stavenr. 
Allyn and Bacon, 1914. xi+265 pages. $1.25. 

Logarithmic and Trigonometric Tables. By the same author and editor. Allyn 
and Bacon, 1914. xx+97 pages. $1.00. 


Every friend of mathematics and every friend of mathematical teaching must 
rejoice when scholars of national and international reputation give their time to 
the compiling of text-books in the more elementary branches of the science. It 
is a serious mistake to suppose that high school teachers are best equipped to 
write high school texts. It is particularly fortunate when the author is not only 
a scholar of wide outlook, but also a man with a keen instinct for teaching. When, 
moreover, the work of such a man has passed under the searching eye of an editor 
who is also an acknowledged leader in mathematical teaching, it is natural to 
expect much in advance of the book. 

The work is divided into two parts, the first of which is devoted to the solution 
of triangles. The trigonometric functions of acute angles are defined as usual, 
and the notion of the general angle is deferred till part two. This is precisely the 
method which a less experienced teacher would avoid. Why not give the general 
definition at the very first, and avoid the readjusting of ideas made necessary by 
two different definitions? This is, indeed, a very vital and important matter in 
pedagogy. There is a tendency of late years to hurry the child into algebra 
before it has had time to get acquainted with the simpler conceptions of arith- 
metic. Why study arithmetic when you might as well be studying the more 
general science? Why not, indeed? And why not study the theory of groups 
in the grades, seeing that algebra is, in the last analysis, a chapter in abstract 
groups? The reviewer looks with admiration on the skilful means by which all 
of the formule for the solution of triangles, both right and oblique, are developed 
without the assistance of codrdinate geometry, and even without the use of the 
addition theorems. Even the law of tangents has been derived by purely syn- 
thetic methods. Professor Wilczynski has hit upon the happy device of giving 
a central position to the area problem. All the formule of trigonometry present 
themselves naturally with a unifying point of attack. This part is also published 
separately and would seem to be admirably adapted for use in secondary schools. 

Much attention is given in Part One to the subject of computation. The 
author is a computor of many years experience and can speak with authority 
on this subject. The negligence of expressing a result in fewer decimal places 
than one is able to guarantee, and the dishonesty of expressing it in more are 
topics dwelt on with some warmth. The reviewer is a little disconcerted, however, 
to find the so-called abbreviated method of multiplication referred to as preferable 
to the ordinary method. They are both so very bad that it is difficult to say 
which is worse. 

There is also in this chapter a lucid discussion of logarithms, which with the 
illustrative examples will be easily grasped by any class. A short conerigen is 
also given of the slide-rule. 
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The book of tables published with the trigonometry should be noted in 
connection with part one. It is a very attractively constructed table of five- 
place logarithms, both of numbers and of trigonometric functions. The spacing 
is generous and well calculated to relieve the eye of undue strain. A number of 
smaller tables are also given in the book, such as extra tables for ‘‘ small ” angles; 
a table of four places for the natural functions; a table of squares; a table for 
transforming angles; a list of constants; and three small three-place logarithmic 
tables. Altogether a very useful book of tables. 

Part Two of the trigonometry contains, besides the discussion of the general 
angle, and the addition theorems and consequences of them, certain chapters 
not usually met with in treatises on the elements of this subject. The chapter on 
directed line-segments is a good introduction for the study of projective geometry 
and for the study of vector analysis. The chapter on inverse functions is one that 
will be of value to every student who will go on to the study of the calculus. It 
is a refreshing thing to see an American text-book with the notation “ Arc sine.” 

Perhaps the most unusual feature of the book is the insertion of the chapter 
on the Theory of Wave Motion which closes the book. It is a subject of unusual 
interest and importance, and the chapter is one of the most beautiful in the book. 
We doubt, however, whether many teachers will venture to include it in a course 
where students are apt to have as little mathematical maturity as most students 
of trigonometry do. Such things, however, are worth while placing where 
teachers and students can have a look at them sometimes; and who knows whether 
twenty years from now they may be included in the earlier years of the student’s 
life just as now we include the study of the calculus in the freshman and sopho- 
more years and not in the very last year as was the custom twenty years ago. 

Much of interest in historical matter has been introduced “ not in the form of 
detached historical notes, but organically connected with the topic under dis- 
cussion.” This appears to the reviewer to be a decided improvement on the usual 
method, but he cherishes the belief that the effect would be much better if the 
historical matter were collected into a separate chapter at the end of the book, 
and the subject discussed as a whole,—but each one to his taste in such matters. 

The reviewer has not given the book a microscopic examination for printer’s 
errors, and mis-spelled words. He has not even worked out any of the trigo- 
nometric identities, of which he is glad to note the fewness, but he has been 
impressed with the inviting appearance of the pages, and the successful arrange- 
ment of the matter on the page. These details count for much more in making 
a usable book than teachers sometimes think. 

D. N. LEHMER. 


UNIVERSITY OF CALIFORNIA. 
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PROBLEMS AND SOLUTIONS. 
EpitTep By B. F. Finke anp R. P. Baker. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


When this issue was made up no solution of 420 had been received. 


424, Proposed by S. A. JOFFE, New York City. 
Sum the series 


and consider the cases i = a andi >a. 


425. Proposed by CLIFFORD N. MILLS, Brookings, S. D. 
Solve for z and y the equations: 27+” = 6 and 27+! = 3y, 


GEOMETRY. 


When this issue was made up solutions had been received for numbers 370, 
430, 432-3, 447-8, 450-1. Please give attention to 427, 442, 446, 449. 
452. Proposed by NATHAN ALTSHILLER, University of Washington. 


Through a given point a secant is drawn that meets three given concurrent lines in the 
points A, B, C respectively. Determine the position of the secant by the condition AB/BC = K, 
K being given. 


453. Proposed by CLIFFORD N. MILLS, South Dakota Agricultural College. 
Prove geometrically the formule for sin 28, cos 28, sin 38, cos 38. 
454. Proposed by LOUIS ROUILLION, Mechanics Institute, New York City. 


Show how to construct an equilateral triangle with its vertices lying on three lines not equally 
spaced. 


CALCULUS. 
When this issue was made up solutions had been received for numbers 358-9, 


361-2, 364, 371, 373. Please give attention to 332, 339, 340, 342, 348, 353, 
360, 363. 


374. Proposed by C. N. SCHMALL, New York City. 


Show that, on a Mercator’s Chart, a great circle of a sphere whose radius is r will be repre- 
sented by a curve whose equation is of the form 


— = 2 sin € + 0) 3 
(Note. See E1sennart’s Differential Geometry, § 46, pp. 107-108; Oscoon’s Calculus, pp. 
331-333, § 6.) 


375. Proposed by V. M. SPUNAR, Chicago, Illinois. 
Solve the differential equation, 


— bz) — 2z(2a — bax) + 2(3a — bx)y = 6a’. 
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MECHANICS. 


When this issue was made up solutions had been received for numbers 292, 
293, 295-6-7-8-9. Please give attention to 272, 277-8-9, 286-7, 290-1, 294, 300. 


301. Proposed by CLIFFORD N. MILLS, Brookings, S. D. 
A wire is hanging from two points in the same horizontal plane. If the difference between 
the length of the wire and the actual distance between the supports is very small, show that 


s=2(1+3), 


where s is one half the length of the wire, c is the horizontal tension at the lowest point divided by 
w the load per unit of horizontal distance, and z is the distance of lowest point of the curve to 
the point of support. 


NUMBER THEORY. 


When this issue was made up solutions had been received for numbers 212- 
13, 215-16, 218, 220, 223. Please give attention to 191-2, 196, 198, 201-2, 205, 
208-9-10-11, 214, 217, 219, 221-2. 


224. Proposed by PATRICK WALSH, New Orleans, Louisiana. 

Find the sides, in rational numbers, of a right angled triangle whose area is 5}. 

225. Proposed by W. DE W. CAIRNS, Oberlin College. 

L’Intermédiaire for June, 1914, contains the following problem: 

“If we write the terms of the arithmetic series 1, 5, 9, 13, 17, 21, 25, 29, 33, --- as follows: 


1 
5 
17 21 25 20 33 
37 41 45 49 53 57 61 
it is seen that the sum of the terms of each line is a cube, and that these are the cubes of the suc- 
‘cessive “odd integers. How is this'shown?” 
It is here proposed not only to prove this, but to generalize the theorem as suggested, using, 
thowever, the simpler (and better known) case which includes all of the successive integers: 


1 
6 


138 15 17 19 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


412. Proposed by H. L. SLOBIN, University of Minnesota. 
Form the algebraic equation whose roots are: 


2a 
= — COs, 


T 


aq = Cos 
9’ 


SoLuTION BY CLiFForD N. Brookings, South Dakota. 


From the suggestions given by the proposer, 


cos fr = 


2 


iH 
| 
| 
) 
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Hence, 


(—1)*°+(—1)” 


and the equation to be constructed is 
— (a; + + + (aide + + — = 0. 
We have 


— (— 1)? — (— 1° + (— 184+ (— 19" — (— - 1 
which involves the nine 9th roots of (— 1). 
From x° + 1 = 0 we have 


which contains all the complex 9th roots of (— 1). 
Hence 


and this is equal to zero since 
— atte = 2° + 1), 
in which the factor — 2? + 1 = 0. 


Therefore 
(= — (— + 1) 
2a, = 2(— = 0. 
+ + @203 = — (— 
+ (— 184+ (— 1941 (— + (— 1989 + (— 1) + 1] 
(- 1)" (— : 
Hence 
(- 1)!2/9 (- 2(- 1)99 + (- 1)8/ 
1 — ( — + (— — 2(— 1989 — (- 41 
= ( ( ) ( ( ) A 
Now 
Hence 

making use of xz? + 1 = 0 and 2° = 2° — 1. 

Finally, 

_ (— + (— + (— 1) + (— + (— 1) + (— 1)? + (— 19 +1 

10203 = 8(— 

= (= (= 1)" (= 1) (= (= + (— + (- 
8(— 1)79 


making use of 22+ 
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Hence, the required equation is 
— =0. 


Solved similarly by H. C. Frrmster, and also by C. E. Grraens by merely substituting the 
values of ai, a2, a3 and reducing by means of trigonometric relations. Mr. Feemster also sent in 
such a second solution. 

Editorial note. The details of the work on this problem may be simplified by use of Gauss” 
periods. See WeBER’s Algebra, volume I, chapter XVI. 


413. Proposed by C. N. SCHMALL, New York City. 
Apply Euler’s transformation to show that 


Sotution By W. C. BrenxKeE, University of Nebraska. 
This is a special case of the series 
= 1+ + + 42? + ---; r = positive integer. 


Such series may be summed by repeated use of Euler’s transformation based on 
the factor (1 — x). The whole operation may be performed at once as follows, 
the process being valid for | x | < 1. 

Multiply both sides of the last equation by 


Arranging the right member in powers of x, we find that the coefficients of 
grtl, grt?, ..- are all zero by virtue of the formula (special case of (3) p. 183 of 
Chrystal’s Algebra, Vol. 2) 


— (n— (mn — — + (— 1)" = 03 r <n. 
Hence 
(1 — 2) = 1+ (27 — + (3° — + + 
The result may also be written in the form 


— + + + (— 1) 410,20” 


a) 


S(z) = 


where 


= 1+ Wat + + (n+ 


When r = 2 this gives the sum of the proposed series. 
Also solved by the Propossr. 
414. Proposed by R. D. CARMICHAEL, Indiana University. 
Prove by means of an example that one of the series 
pa 1 


c 0,1 
Ce — 1’ ++ 0,1, 


may be divergent while the other is convergent. 


| 
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Sotution By E. B. Wiison, Massachusetts Institute of Technology. 
The following two series fit the conditions of the problem: 


1 1 1 1 
1 1 1 1 


The first converges because it is an alternating series whose terms steadily 
decrease in absolute value and approach zero. That the second is divergent 
may be seen by bracketing the terms in pairs. For, if n is even, we have 
24+1’ 


whence the series is divergent as one sees by comparison with the divergent series 


| 


GEOMETRY. 


440. Proposed by W. L. WATSON, Moundsville, West Va. 
A solid sector is cut out of a sphere 10 feet in radius by a cone whose vertical angle is 120°. 


Find the radius of the sphere whose volume is equal to that of the sector. 
Sotution By Emma M. Gipson, Drury College. 


The volume of the solid sector 0-ABC is equal to that of the cone AOB, 
having a vertex angle of 120° and altitude OD equal to 10 cos 60°, plus the vol- 
ume of a spherical segment of altitude CD = 10 — 10 cos 60° = 5, and diameter 
of base AB = 2 X 10sin 60° = 10¥3. Then 


No 
we 


1 
Volume of cone = base X altitude = 3 <5 = 125¢. 
1 625 
Volume of segment = at X 25 X 25 = - 3 7 
625r 1 


Volume of solid sector = 1257 + 
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Let r’ be the radius of sphere whose volume is equal to the volume of the 
solid sector. Then = 


= = 52. 


Also solved by A. M. Harpina, Capron, Watter C. Exmer Scuvruer, H. C. 
Freemster, Horace Oxson, C. E. Giraens, Geo. W. HartwE.t, and Cuirrorp N. MILs. 


CALCULUS. 
354. Proposed by C. N. SCHMALL, New York City. 
Prove 
ra 
a)T(1 a) = on’ 


Sotution By A. G. Canis, Defiance, O. 


(The outline for this proof is taken from notes of a course in Definite Integrals given by Pro- 
fessor G, A. Bliss at the University of Chicago.) 


The following preliminary theorems are used in the proof. 


(1) sine = (1-35). 


(2) 
cos 2 = (Qy — 
T 1 2a 2a 2a 
got 
(4) 
(5) T(1 + a) = aI(a). 
0 
Proor oF THEOREM (1). 
sinz = 2sin5cos5 = 2 sing sin—> 


By repeated applications of this formula we obtain 


sin z = sin SIN * SIN sin on 


This may be written more briefly by substituting 2" = p. 


—1 


v=0 


— 


4 
| eee | 
| 
| 
| 
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Combine these factors in pairs, taking together such factors that the sum 
of the coefficients of + shall be p. The general form of these products will be 
sin ———- sin 


By trigonometric transformation, this becomes 


sin? — — sin?-. 
Pp Pp 


There will be (5- 1) of these factors, the factor sin» and the factor 


sin which equals cos 


(pj2)—1 vr 
Whence, sin z = sin’, cos— (sine sin? ) ; (A) 
v=l 


Dividing both sides of this equation by z, 


sin — 
—— = — -—¢0s- sin? — — sin?- }. 
Pp & P P Pp 
Pp 
Passing to the limit of both sides as z = 0, we have 
(p/2)—1 
= sin? —. 
v=l1 Pp 


Dividing both members of (A) by this result, we have 


sin? — 


(pl2)—1 
p 
sin 2 = p sin—cos— Il 1— 
Pp Pp v=1 sin? 
P 


Taking the limit of this expression as p = », we have 


2 
sin = TI (1 3a). 


Proor oF THEOREM (2). 


’ II 2 
sin z = 2sin=cos= = z }. 
2 y=1 r 
From (1), 


4 

| 

| 


338 SOLUTIONS OF PROBLEMS 


Dividing the first of these two equations by the second, we have 


From this we have at once 


= TI (1- 5 


Proor or THEOREM (3). 
From (1) and (2) we have 


sin ra = 7a cos Ta = 


v=l1 v=l1 


At once we have 


a? 2 
log sin 7a = log x + log a + log (1 —f) + log (1 -5)+ th 


2 2 2 
log cos 7a = log ) + log (1 ) + 


and 


By differentiation of these two series, we have 


2a 2a 2a 
peg 


cot Ta = 


8a 8a 
12 — ag t 3 — dat t 


= 


Substituting a/2 for a, we have 


Ta 4a 4a 4a 


Ta 97a 
cos*—-— sin*— 
Ta si Ta sin 7a 
cos = sin — cos -—— 
2 2 2 


Adding the corresponding series, we have 


T 1 2a 2a 2a 


Proor oF THEOREM (4). 


ge 


gel 
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1 
‘Transforming the second integral by the ee z= >! 


a. get 
1 gel 
dy =f — 4 — dy, 
0 


Integrating these two series term by term, we have, 


get 1 1 1 1 1 1 


‘ 
But this, by (3), is po 


a. 
-dz = 
l+2 sin 7a 


Proofs of theorems (5) and (6) may be found in almost any elementary dis- 
cussion of the properties of I'(a), and need not be given here. 
We are now to prove 


Ta 
By (5), + a) = aI(a). 
Our problem is thus reduced to the proof of 
Tv 
— a) = 
By (6), = lev dy, 
y 0 


Multiplying both sides by e~¥, we have 
y° 0 
Taking the integral of both sides with respect to y from 0 to a, we have 


—y 
o Y 0 0 0 


get 


1+2 


dz. 


| 
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By (4), 
— dy = y*e “dy = = T'(1 — a). 
y 0 0 
— a) = 
and 
ra 
T(1 + a)T(1 a) = an oe’ 


Also solved by T. M. Buaxsien, C. N. Scumaty, A. M. Harpina, A. L. McCarry, and J. 
W. Ciawson. 


355. Proposed by C. N. SCHMALL, New York City. 
Given the curve of the nth degree, 
— (a + + (c + dx + + --- = 0, 


show that if each ordinate is divided by the corresponding subtangent, the sum of all t'-e resulting. 
ratios will be a constant. 


SoLuTIon By J. W. Ciawson, Collegeville, Pa. 


The question should read: ‘‘ show that if for a given abscissa each ordinate 


The sum of all the ordinates corresponding to a given abscissa x; is equal to 
minus the coefficient of y"™, viz., + (a + ba). 

Hence, the sum of the derivatives of the several ordinates will be + b. 

But each subtangent is the ordinate divided by the slope of the curve at the 
top of the ordinate. Hence any ordinate divided by its corresponding subtangent 
is equal to the slope of the curve at the top of that ordinate. We have just shown 
that the sum of these slopes for all the ordinates corresponding to a given abscissa 
isaconstant. This proves the problem, as amended. See Epwarps’ Differential 
Calculus, page 151. 

Also solved by the Proposer. 

MECHANICS. 

274. Proposed by G. B. M. ZERR. 


A sphere moves on the concave side of a rough cylindrical surface of which the transverse 
section perpendicular to the generating lines is a hypocycloid. If s = 1 sin né@ be the intrinsic 
equation of the hypocycloid, then 1 = (a — b)4b/a, n = a/(a — 2b), where a = radius of fixed 
circle, b = radius of rolling circle. 


Remark By A. H. Witson, Haverford College. 


The statement of this problem is incomplete. As it stands it is not a problem 
at all. 


275. Proposed by W. J. GREENSTREET, Editor of the Mathematical Gazette, England. 


If a particle be attracted towards the angular points of a regular hexagon by forces equal to 
r~*, at distance r, find the condition for stability of equilibrium. 


} 
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Sotution By A. H. Witson, Haverford College. 


The discussion is for the center of the hexagon, an obvious position of equi- 
librium. Let this point be taken as origin, the hexagon placed with two vertices 
on the z-axis. Let ro be the side of the hexagon. 

Form the potential function V. For one attracting center this is of the form 


f = r*/(1 — h) — ro */(1— h). (The value h = 1 must be excepted.) 
For simplicity the origin is taken as a standard position. 
V = — h) — Vo. 


Each r is of the form [(2 — s)?+ (y — #)?|!”._ Expand V in the neighborhood 
of the origin in powers of x and y. For r'~* this expansion is 


For (s, ¢) substitute successively the coérdinates of the hexagon points and sum: 
V = Vo— y) 


In the neighborhood of the origin then the equations of motion are 


mae = — = (2+ 3h)ro x, 
ma = — (2 + 3h)ro*y. 


For stable equilibrium we must have here 


2+ 3h < 0. 


MISCELLANEOUS QUESTIONS. 


EpiTep By R. D. CarMIcHAEL. 
NEW QUESTIONS. 


19. How many known proofs are there of the proposition that the square of the hypotenuse 
of a right-angled triangle is equal to the sum of the squares of the other two sides? Where are 
the proofs to be found? . 

20. Some of our readers would like to have a simple account, without proofs, of just what 
has been accomplished toward the proof of the theorem that the equation z* + y* = 2” is im- 
possible in integers when n > 2. 

21. For the diophantine equation 

2—y=17 


| 
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there are known the following solutions; 
z= 3, 4, 5, 9, 238, 282, 375, 378661, 
y=-2, —1, 2, 4 5 82, 5234. 


One of our readers, who supplied the foregoing facts, desires to know the answers to the following 
questions: Are there other solutions of the given diophantine equation? How may all the solu- 
tions of this equation be found by a systematic procedure? 


REPLY. 


14. In the process of solving a certain physical problem Professor H. S. Uhler, of Yale 
University, was led to the definite integral 


for which he found the value 


|, 


a and c being positive constants. Professor Uhler would like to see how other persons attack the 
problem of evaluating this integral. 


I. Remarks By A. M. Harprna, University of Arkansas. 
Let 


u= (a? — 2*)af(x)dz, 


f(z) = dy. 
Integrating by parts we have 


where 


or, 
1 a 
“= (a? — 2*)?f’(x)dz. 
Now, 
e7c(atz) e7c(a—2) 

Therefore 

— 2x") (e* + e*)dx — 2°)(e* — 
ao 


eu 
+ 4 Ug, say. 
Repeated integration by parts gives 


x(e* — e*)dx 


2 1 


| 
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az — 2° 
c 


= (e* 


@ 


+ 6 [ae | 


1 


1 6 6 
= EG ed) = (e~ + (e~ |. 


Substituting the values of wu; and uw, in the expression above for u we obtain the 
desired result. 


NOTES AND NEWS. 
Epirep By W. DeW. Carrns. 


“The propagation of electric waves in wireless telegraphy ”’ is the title of a 
paper by Professor George R. Dean, of the Missouri School of Mines, in The 
Electrician for September 11, 1914. 


Dr. L. L. Dives, formerly professor of mathematics at the University of 
Arizona, has been elected to an associate professorship at the University of 
Saskatchewan. 


The Southwestern Section of the American Mathematical Society held its 


eighth regular meeting at the University of Nebraska on Saturday, November 
28, 1914. 


Mr. J. L. Ritey, formerly instructor in mathematics at the University of 
Oklahoma, has accepted a fellowship in Rice Institute, Houston, Texas, for the 
year 1914-15. Professor E. P. R. Duvat has returned to his former position 
as associate professor of mathematics at the University of Oklahoma. 


Dr. E. E. Whitford has been promoted to an assistant professorship of 
mathematics at the College of the City of New York. 


Mr. Joel D. Eshleman, A.B., has been appointed instructor in mathematics in 
Adelbert College, Western Reserve University. 


Dr. E. B. Stouffer, formerly instructor in mathematics in the University of 
Illinois, has accepted an assistant professorship in the University of Kansas. 


Professor M. Frechet, University of Poitiers, France, who was to lecture at 
the University of Illinois during the present year, has joined the French army, 
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The Cambridge University Press of England has published “Tables for Stat- 
isticians and Biometricians ” by Karl Pearson in quarto form, 228 pages. 


The University of Chicago Press announces as in press “ The Theory of Col- 
lineation Groups” by Professor H. F. Blichfeldt, of Leland Stanford Junior 
University. 


A second revised edition of the English translation by Dr. G. G. Morrice of 
Professor Felix Klein’s well-known “ Lectures on the Icosahedron and the 
Solution of Equations of the Fifth Degree ” has just been issued from the press 
of Kegan Paul, Paris; Trubner and Co., London. 


The majority of the American reports to the International Commission on the 
Teaching of Mathematics are no longer given free distribution by the U. S. 
Bureau of Education; it is therefore necessary to correct the statement made at 
the end of the September Montuty. On application, however, to the Com- 
missioner of Education, Washington, D. C., a bulletin of the publications of the 
Bureau will be sent free, giving the prices at which these may be obtained. The 
whole set of reports above mentioned costs less than one dollar. 


At the University of Chicago the departments of mathematics and mathe- 
matical astronomy combine as one body, on the one hand in the biweekly club 
meeting for reports of research in progress, and on the other hand in certain stated 
meetings for social intercourse. Under the latter head, a general dinner is held 
in the autumn for the advanced students and members of the staff, a dinner in 
the spring for the fellows of the departments provided by the members of the staff, 
and a general dinner in the summer for advanced students and staff. The members 
of the staff also meet regularly each month for a dinner and evening discussion 
of matters pertaining to the departments. The autumn general dinner was held 
on Wednesday evening, October 14, 1914, with an attendance of about fifty. 


In recent numbers of Comptes Rendus of the French Academy of Science appear 
the following preliminary notes: May 25, Professor T. H. Gronwall on ‘“ The 
series of Laplace”; June 8, Professor T. H. Gronwall on ‘Some methods of 
summation and their application to Fourier’s series ”; June 15, Professor C. N. 
Moore on “ The relation between certain methods for the summation of a diver- 
gent series.” The last two are independent announcements to the effect that 
the method of de La Vallée-Poussin is more general than that of Cesaro. 


Among recent publications of interest to teachers of mathematics is “ The 
Teaching of Mathematics” by Professor R. E. Manchester, of the State Normal 
School, Oshkosh, Wisconsin. This text of 75 pages, published by C. W. Bardeen, 
Syracuse, after treating the practical benefits of the study of mathematics and 
the leading considerations in the teaching of arithmetic, algebra, and geometry, 
deals with the place of mathematics in vocational schools and with methods and 
modes of presenting these subjects. 
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The Central Association of Science and Mathematics Teachers met in the 
Hyde Park High School, Chicago, November 27 and 28. According to the pro- 
gram as issued by the secretary, Mr. W. L. Eikenberry, University High School, 
University of Chicago, the subject of last year ‘‘ Vocational courses in science and 
mathematics ” was continued as a part of this year’s subject for discussion, 
viz., ‘‘ Problems arising in adjusting applied science to high school curricula.” A 
full report of report of the meetings of the Mathematics Section will be made in 
a later issue. 


The Macmillan Co. has recently published ‘“‘ The theory of relativity,” a 
book of 295 pages by L. Silberstein, lecturer in natural philosophy at the Uni- 
versity of Rome. It is based, in part, upon a course of lectures delivered in 
University College, London, in 1912-13. 


The British Board of Education has issued a “‘ Memorandum on the Teaching 
of Geometry in Secondary Schools ”’ which covers essentially the same ground as 
the circular on geometry issued five years ago by the Board and now out of 
print. 


A large volume entitled “ List of Prime Numbers from 1 to 10,006,721 ” by 
Professor D. N. Lehmer, University of California, was recently published by the 
Carnegie Institution of Washington. The last four digits of the primes are given 
in the body of the table and the remaining digits are at the top and bottom of the 
columns. Five thousand primes are listed on each page, and the table gives the 
rank of any prime in the series of primes. The same precautions were taken in 
printing these tables as were observed in printing the factor tables for the first 
ten million numbers, which were prepared in 1909 by the same author under the 
auspices of the Carnegie Institution. By the publication of these tables Profes- 
sor Lehmer has rendered an important service to mathematics, in view of their 
great accuracy and convenient arrangement. 


The last volume (X XI) of the Proceedings of the Society for the Promotion of 
Engineering Education contains, among numerous articles of a more special 
nature, three which have a general interest and which perhaps deserve mention 
here. The titles are 
(1) How Can the Colleges and the Industries Cooperate? 

By Ivy L. Lee, Executive Assistant, Penn. R. R. Co. 

(2) [Same title as (1)]. 

By Edward D. Sabine, Terminal Engineer, N. Y. C. & H. R. R. 
(3) Recommendations Concerning the Units of Force. 

By Professor E. V. Huntington, Harvard University. 

The first two will be interesting and instructive to upper classmen in schools 
of engineering. The third is especially recommended to teachers of physics in 
secondary schools. 
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The universities of Great Britain, according to announcements, opened as 
usual this academic year with probably half the regular attendance, one half 
being in active military service. The German universities also are reported to 
have opened. 


Professor F. R. Moulton published in Popular Astronomy for August-Sep- 
tember a very lucid and comprehensive analysis of the works of the noted Ameri- 
can astronomer, Dr. George W. Hill, who died April 16, 1914. 


“ Problemi della Scienza,” published in 1906 by F. Enriques, professor of 
projective and descriptive geometry in the University of Bologna, has been 
translated into English by Katharine Royce; the book is published by the Open 
Court Publishing Company under the title ‘‘ Problems of Science.” 


A press dispatch appeared in August describing the unusual mental calcula- 
tions carried out before a class in psychology at the summer session of the Univer- 
sity of California by Arthur A. Gamble, “ a 21-year-old student of the University 
of Chicago.” A letter of inquiry to Professor Warner Brown of the department of 
psychology in the University of California brought an authoritative account from 
which the following interesting extracts are taken. 

“ He is not a college student.! . . . He knows no mathematics beyond simple 
arithmetic—does not even know what logarithms are or how they are used. He 
does know several short-cuts in multiplication and division (multiplying from 
the left, etc.). His forte is factoring. He can give offhand (5 seconds or less) 
two numbers which when multiplied together make any 5- or 6-place number 
which is proposed; he often gives two numbers which nearly make the given 
number, with a statement of the remainder. As you see, this depends upon the 
knowledge of a rather extended multiplication table, say up to 500. He is 
familiar enough with the products of numbers to be able to give squares and cubes 
quickly. ... 

“ Division he accomplishes by tentative multiplication, which is easier for him. 
Cube roots are not easy for him; he makes a large number of guesses and tries 
them out by multiplication. . . . He knows the powers of 2 (“ doubling a penny’) 
up to the 32d and can reel them off as fast as he can speak.? 

“‘ He knows the data necessary for calendar computations and gives the day of 
the week for any date very quickly. 

“ He cannot add very rapidly.* His memory for digits is not unusual, but he 
can hold in memory a large collection of numbers. . . . He has an unbounded 


1 He visited the University of Chicago and members of the mathematical staff tried him out 
with the same conclusions as reached by Professor Brown. They advised him to return to his 
home in Rochester, N. Y., and continue his regular high school course rather than continue to 
develop his freakish propensities. Eprrors. 

? Evidently memorized from the famous horse shoe problem. Eb. 

* The newspaper item stated that Dr. Brown handed simultaneously to Mr. Gamble and an 
expert adding machine operator a list of numbers to be added, all of four or more digits, Mr. Gamble 
obtaining the correct sum more quickly than the mechanical adder. Eb. 
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interest in numbers as numbers. The result is that he has come to individualize 
thousands of them to almost the same extent that you or I individualize the 
numbers below 100; he knows their relationships in the arithmetical family.” 


L’ Enseignement Mathematique is doubtless the leading journal devoted to the 
pedagogy of mathematics. This appears under the joint editorship of C. A. 
Laisant of Paris and H. Fehr of Geneva, with the collaboration of A. Buhl of 
Toulouse; it is published by Gauthier-Villars of Paris and Georg and Cie of 
Geneva. The publication is now in the sixteenth year; the subscription price is 
15 francs per year (Stechert and Co., West 25th St., New York City). Each 
volume consists of about 500 pages. 

Probably the general nature of the journal is best illustrated by a summary of 
the articles which appear in the current volume (1914). The first number, issued 
January 15, 1914, of some 80 pages, includes articles on non-Euclidean geometry 
as applied to the theory of relativity, on multiple equalities, on the integration of 
the equations for the movements of a planet about the sun, on some points on 
the theory of sets, on transcendental plane curves given by equations in which the 
variables are separable, on a double system of lines on a surface, on an application 
of the rule of false position, and on new formulas for Heronian triangles. These 
articles by French, German, Italian, and Russian authors are all written in 
French. In addition to the articles, space is devoted to current events, to notes 
and documents, to reviews, and bibliography. The second number is of the same 
general nature as the first, while the third, fourth, and fifth issues are devoted 
almost entirely to a report of the International Conference on the teaching of 
mathematics which was held at Paris, April 1-4, 1914. 

The titles of the articles, above-mentioned, show clearly that the appeal is 
made not to the beginner in mathematics but to the real student of the science. 
Historical articles are of rather infrequent occurrence. The notes and documents 
in recent issues have been devoted in large measure to the activities of the Inter- 
national Commission, while the treatment of reviews and bibliography of current 
literature in the field does not vary greatly from the procedure in American 
journals. 


ERRATA. 


Page 164, line 4up. For J. A. Colson, read J. W. Clawson. Page 190, under 
Algebra. For 416 read 416A, and for 417 read 417A. Page 258, line 8 up. 
For read Page 259, line 2 down. For read Page 290, 
line 2 up. For read 

Also on page 259, the author wishes to substitute for the paragraph (4) the 
following: “To point out that although the Conchoid of Nicomedes is used in the 
text to trisect an angle, this application of the curve was a discovery claimed by 
Pappus (about 300 A. D.).!_ Nicomedes (about 180 B. C.) used the curve for 
the duplication of the cube? and we have only the assertion of Proclus that 
Nicomedes also used it for the trisection of an angle.” 

Page 299, last line, last term. For ( — 1)* read ( — 1)*". 
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SPECIAL ANNOUNCEMENT. 


As important evidence that the Monruty will maintain in 1915 the same 
high standard which has been set in the two years since its reorganization, we 


call attention to the following announcement: 
Under the title ‘‘ History of Zeno’s Arguments on Motion,” Professor Cajori 


will begin in the January, 1915, issue a series of articles which promise to be of 
unusual interest. Our present well-organized theory of limits, like every modern 
system of thought in all fields, has its roots far back in human history. Just as 
the ideas of negative and imaginary numbers struggled for recognition and formu- 
lation through hundreds of years, so the notion of a variable approaching a limit 
and all of the far-reaching consequences connected with the consideration of 
such a concept have gone through a process of slow development. Professor 
Cajori traces this development through a two-thousand-year struggle for light 
in which practically all of the great mathematicians and philosophers of the time 
were engaged. These articles will begin with the Volume XXII and will extend 
well through the year 1915. The editors are greatly pleased that we are able to 
offer such an attraction to the readers of the MonTHLY for the coming year. No 
teacher who has to deal with the theory of limits can afford to miss this latest 
product of Professor Cajori’s historical researches. 

The editors would suggest that you can do a real service to those in your 
acquaintance by calling their attention to this unique opportunity and sending 
their names to the Managing Editor for sample copies. 
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